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Abstract. Let Q bo a finite quiver and G C Aut(kQ) a finite abelian group. 
Assume that Q and F is the generalized Mckay quiver and the valued graph 
corresponding to (Q, G) respectively. In this paper we discuss the relation- 
ship between indecomposable Q-representations and the root system of Kac- 
Moody algebra g(r). Moreover, we may lift G to G C Aut(g(Q)) such that 
g(r) embeds into the fixed point algebra g(C3)'^ and diQ)'^ ^ g(r)-modulc is 
intcgrablc. 



1. Introduction 

Thirty years ago, McKay introduced a class of quivers, now called the McKay 
quivers, for some finite subgroups of the general linear group [16]. Let C denote the 
complex number field. McKay observed that the McKay quiver for G C SL(2, C) is 
the double quiver of the extended Dynkin quiver An, Dn, Eq, E^, Eg respectively. 
Furthermore, the corresponding Dynkin diagram is the same as the one occurring 
in the minimal resolution of singularities for the quotient surface C/G (see [4]). 
McKay quiver has played an important role in many mathematical fields such as 
quantum group, algebraic geometry, mathematics physics and representation theory 
(see, for examples [H [3 HI H HH [H] ) • 

Let V he a finite vector space over a field k of characteristic and G C GLk(l/) a 
finite group. Assume that Ti^{V) is the tensor algcba of V over k. It is well-known 
that the skew group algebra T-k{V) * G is Morita equivalent to the path algebra 
kQ, where Q is the McKay quiver of G (see [5]). In other words, the McKay quiver 
realizes the Gabriel quiver of T-^iV) * G. It is natural to ask how to determine the 
Gabriel quiver of skew group algebra A * G for any algebra A. Recently, for any 
path algebra kQ over an algebraically closed field k and a finite group G such that 
chark | |G|, if the action of G on kQ permutes the set of primitive idempotents and 
stabilizing the vector space spanned by the arrows, Dcmonet in [6] has constructed 
a quiver Q such that the path algebra kQ is Morita equivalent to the skew group 
algebra kQ * G. The quiver Q can be viewed as a generalization of McKay quiver, 
which is called the generalized McKay quiver of {Q, G) in this paper. 

Given a finite quiver Q with an admissible automorphism a. Hubery in 
[12] described the correspondence between dimension vectors of the isomorphically 
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invariant Q-indecomposables and the positive root system of q{T), where T is the 
valued graph of {Q,a.). Motivated by Hubery's work, the aim of this paper is to 
estabUsh the correspondence between the indecomposable Q-reprcsentations and 
the positive roots of the symmetrizable Kac-Moody algebra 0(r) of the valued 
graph r associated to {Q,G), where Q is a finite quiver and G is a finite abelian 
automorphism group of kQ. Moreover, we can lift G to an automorphism group G 
of Kac-Moody algebra g := q{Q) of Q, such that 0(r) can be embedded into the 
fixed point subalgebra g*^. In this case, we also show that g*^ as a g(r)-module is 
integrable. Compared with Hubery's work, a more general description is given by 
approach of the generalized McKay quiver. 

For a finite quiver Q = {I,E) and a finite abehan group G C Aut(kQ) (the 
algebra automorphism group of kQ). We always assume that the action of G on Q 
is admissible, i.e., no arrow connects to vertices in the same orbit. Then we can get 
a valued graph F without loops and a generalized McKay quiver Q corresponding to 
{Q, G). By [TS], we can define an action of G on kQ due to the Morita equivalence 
between the skew group algebra kQ * G and kQ. Therefore this action induces an 
action on Q-representations. Let Gx be a complete set of left cosct representatives 
of Hx = {.g 6 G I = X} in G for any Q-reprcscntation X, let Z/, Z/ and ZI 
be the root lattice of Q, Q and F, respectively. Applying the equivalence between 
representation category of Q and module category of the skew group algebra kQ * G 
and the fact that each kQ*G module as a Q-rcprescntation is G- invariant, we define 
a map 

h: ZT — > (ZI)^ — >ZI 
where (ZJ)^ is the fixed point set of ZI under the action of G. The map h builds 
a bridge between the dimension vectors of indecomposable Q-representations and 
the root system of Kac-Moody algebra g(F). The first main result of this paper is 
described as follows. 

Theorem 1.1. Let Q be a quiver without loops and with an admissible action of a 
finite abelian subgroup G C Aut(kQ), where k is an algebraically closed field with 
chark \ |G|. Assume that F and Q is the valued graph and generalized McKay quiver 
associated to {Q,G). Then 

(1) the images under h of the dimension vectors of all the indecomposable Q- 
representations give the positive root system of the symmetrisable Kac-Moody alge- 
bra g(F); 

(2) for each positive real root a of q{T), let X be a Q -representation such that 
/i(dimX) = a. Then there are \Gx\ indecomposable Q-representations (up to iso- 
morphism) such that their dimension vectors under h are a. 

The proof of this theorem is based on understanding the relationship among 
indecomposable Q-representations, indecomposable kQ * G-modules and indecom- 
posable G-invariant Q-representations. In the proof, we also need the dual between 
(Q, G) and (Q, G). This duality is first discussed in [T8| for a finite quiver with an 
automorphism. Here we give a general and strict proof by the generalized McKay 
quiver. 

Next we consider the relationship between Kac-Moody algebra g(F) and the 
fixed point subalgebra g*^. The action of G on Q naturally induces an action on 
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the derived algebra g' of g. Let = {.91,32, • • • ,5n} be a set of generators of G. 
Following from [T3], we lift G to G C Aut(g) corresponding to a family of linear 
maps {ipi := ipg. : f)/f)' — 5- c | £ ft}, where c is the center of g, [} and f)' is 
the Cartan subalgebra of g and g' respectively. Denote by C the symmetrisable 
generalized Cartan matrix of the valued graph F. Then, we can give a realization 
{H'^ , {£i},{hi}) of G by the fixed point set f)'-^ of []. and we obtain that 

Theorem 1.2. For the lifting G of G corresponding to {tpi : t)/f)' — > c | G f2} 
such that ■^l}^{{^H + f)')/fl') = 0, there is a monomorphism 

0(r) ^ g^. 

Moreover this monomorphism endows with an integrable g{T)-module structure 
under the adjoint action o/g(F). In particular, if Q is a finite union of Dynkin 
quivers, then g(F) = g*^ as Lie algebras. 

In the end of this paper, two examples are given to elucidate our results. 

Throughout this paper, let k denote an algebraic closed field and Z denote the 
set of integers. We denote by G the finite group such that chark | |G|, denote by 
mod-A the category of (right) A-modulcs for any k-algebra A. 

2. Preliminaries 

2.1. Recall that a quiver Q = (/, E) is an oriented graph with / the set of vertices 
and E the set of arrows. A quiver Q is said to be finite if / and E are all finite set. 
An arrow in Q is called a loop if its staring vertex coincides with its terminating 
vertex. In this paper we only consider a finite quiver without loops. Therefore we 
have a path algebra kQ for a quiver Q (see 

A representation X = {Xi,Xa) of the quiver Q = {I,E) consists of a family of 
k- vector spaces X; for i E I, together with a family of k- linear maps Xa ■ Xi Xj 
for a : i ^ j in E. Given two representations X and Y oiQ, a morphism ip : X ^ Y 
is given by a family of k-linear maps ipi : Xi ^ Yi (i S /) such that tpjoXa = YaOipi 
for each arrow a : i ^ j. It is well-known that the category of representations of Q 
is naturally equivalent to the category of kQ- modules (see [DIS]). Thus we always 
identify a kQ-module X with a Q-representation {Xi,Xa) in this paper. 

2.2. Assume that A is a k-algebra and G acts on A, the skew group algebra of 
A under the action of G is by definition the k-algebra whose underlying k-vector 
space is A ®k k[G] and whose multiplication is defined by 

{\(Sg)i\'(Sg') = \giX')®gg' 

for all A, A' G A and g,g' € G (see [H]). For convenience, we denote this algebra 
by A * G, denote the element A (g) g in A * G by Xg. Note that A and k[G] can be 
viewed as subalgebras of A * G. 

Let A = kQ be the path algebra for a quiver Q = (/, E) . Assume that G acts 
on kQ permuting the set of primitive idempotents {e; \ i G 1} and stabilizing the 
vector space spanned by the arrows. Let I denote a set of representatives of class of 
/ under the action of G. For any i G I, let Gi denote the subgroup of G stabilizing 
e,, For each i G I, there exist some g £ G such that g^^(i) G I- We fix such a g 
and denote it by Let O, be the orbit of i under the action of G. For (i, j) G X^, 
G acts on Oi x Oj by the diagonal action. A set of representatives of the classes of 
this action will be denoted by J^ij. 
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For i,j € I,we denote by Eij C kQ the vector spaee spanned by the arrows from 
i to j and regard it as a left and right ]k;[Gy] h[Gi D GjJ-module by restricting 
the action of G. In j6| Demonet defined the quiver Q = {I, E) as follows 

/=|J{z}xirrG„ 

where irrG^ is a set of representatives of isomorphism classes of irreducible repre- 
sentations of Gi. The set of arrows of Q from (i, p) to {j, a) is a basis of 

Homk[G^,^.,] {^{p ■ k,,)\g^,^, , (cr • KjOIg.,^., ®k , 

where the representation p ■ of Gi' is the same as p as a k-vector space, and 
{p • Ki')g = pKi'gK~,^ for each g £ Gi' = nJi^Gim'. Demonet yielded the following 
theorem. 

Theorem 2.1. (see [6]) The category mod-kQ is equivalent to the category mod- 
kQ*G. 

In particular, if the quiver Q is a singular vertex with m loops, we can view G as 
a subgroup of GLm(k). Then the quiver Q is just the McKay quiver of G. Thus, 
we view Q as a generalization of McKay quiver in general. Furthormore, for any 
factor algebra kQ/J, the shew group algebra (kQ/J) * G is Morita equivalent to a 
factor algebra of kQ. This implies that the generalized McKay quiver can realize 
the Garbiel quiver of A * G for any basic algebra A. 

2.3. For a quiver Q = {I,E), there is a corresponding symmetric generalized 
Cartan matrix A = (aij ) indexed by / with entries 

i "Ijsdges between vertices i and j}\, i ^ j. 

It is obvious that A is independent of the orientation of Q. 

Denote by q{Q) for the associated symmetric Kac-Moody algebra corresponding 
to A with the simple root set 11 = {si \ i € 1} and root system Aq. The root 
lattice Z/ of Q is the free abelian group on 11, with the partially order such that 
a = J2iei '^i^i > if and only if ai > for all i Q I. We endow Z/ with a 
symmetric bilinear form (— ,— )q via (si,Sj)Q ~ aij. Then, for each vertex i G I, 
we have a reflection : a H> a — {a,ei)Qei. These reflections generate the Weyl 
group yV((3) of Q. The real roots of Q are given by the images under W((5) of the 
simple roots Si and the imaginary roots are given by ± the images under W{Q) of 
the fundamental set 

Fq := {a > I {a,ei)Q < for all i and the support of a is connected}. 

Suppose that the action of G on path algebra kQ permutes the set of primitive 
idempotents. The action of G is said to be admissible if no arrow connects to 
vertices in the same G-orbit. For any quiver Q with an admissible action of G, we 
can construct a symmetric matrix B ~ (bij) indexed by I, where 

[ — Hedges between vertices in Oi and Oj}\, i ^ j. 

Let di := bii/2 = \Oi\ and D = diag{di). Then C = (cij) = D^^B is a sym- 
metrisable generalized Cartan matrix indexed by I. It is well-known that there is 
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a unique valued graph F corresponding to the matrix C by [7] . The valued graph T 
has the vertex set I and an edge i — -j equipped with the ordered pair {\cji\, \cij\) 
whenever Cy ^ 0. Since the action of G is admissible, F has no loops. For each 
connected component F' of the graph F, we always take the representative set I 
such that the underlying graph of the full subquiver generated by the vertices in F' 
is connected. 

Denote by 0(F) for the associated symmetric Kac-Moody algebra corresponding 
to C. The simple root set and root system of F are denoted by Hp = {si \ i £ 1} 
and Ar. Let ZZ denote the root lattice of F. There is a symmetric bilinear form 
(— , — )r determined by B on ZI such that {ei,ej)r = bij, and a reflection 7^ on ZI 
defined by 

7i : a a r(a,ei)rei 

for each i El. These reflections generate the Weyl group yV(F) of F. Similarly, we 
have the real roots and the imaginary roots associated to F (see |13|). 

3. Proof of Theorem 11.11 

From now on, unless otherwise stated we fix a finite group G C Aut(k(5) and 
assume that the action of G is admissible. Let Q and F be the generalized Mckay 
quiver and the valued graph corresponding to [Q, G). In this section, we show that 
the correspondence between indecomposable representations of Q and the positive 
root system of F. 

3.1. The group G acts naturally on the root lattice Z/, i.e., g{ei) = Sgi^i) for any 
g G G. It is easy to check that this action preserves the partial order > and the 
bilinear form (— )q is G-invariant. Let 

(Z/)'^ := {a e Z/ I g{a) = a for any g G G}. 

There is a canonical bijection 

/ : {H)^ — > ZT 

given by 

The admissibility of the action of G implies that the reflections and rj commute 
whenever i and j lie in the same G-orbit. Therefore the element 

:= n e W(Q) 

i'eOi 

is well-defined for any i G I. Note that g o = rgj-jj o g for any g G G, we have 
Si G Gg(W((5)), the set of elements in the Weyl group commuting with the action 
of G. By induction on the length of the element in Gg(W((3)), it is easy to check 
that Gg(>V(Q)) is generated by S'i, i G I. 

Similar to \12\ Lemma 3], we have 

Lemma 3.1. For any a,(3 € (Z/)'-^, we have 

(1) {a,li)Q = {f{a)J{f3))r; 

(2) f{S,{a)) = 7.(/(«)) G for iei. 

(3) The map 7^ 5*^ induces a group isomorphism yV(F) Gg(W((5)). 
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Proof. (1) Set e' := E^'eo. Then {e' \ i e 1} is a basis of (Z/)<^. Since 

i'eOi 
j'eOj 

for any z, j G I, (1) is obvious. 

(2) Since the bihnear form (— , — )q is G-invariant, we have 

Si{a) = a - X! ("'^i')Q^i' = " ^ X! ^("' X! ^j)q^*' = " ^ 4-(/('^)'^»')rs' 
by (1). Wc obtain that 

m{a)) = f{a) - l(/(«),e,,)p£, = 7.(/(a)). 

(3) By the result of (2), it is easy to check that ji and Si satisfy the same 
relations. Thus W(r) = Cg(W(Q)). □ 

For a given a G Z/, let = {g (z G \ g{a) = a}. Then Ha is a subgroup of G. 
We denote by Gq a complete set of left coset representatives of Ha in G, and let 

Obviously, e (Z/)'^' and we have 

Lemma 3.2. The map a H> f{<7{a)) induces a surjection n : Ag — >■ Ap. Moreover, 
if f{a{a)) is a real root, a has to be real and unique up to G-orbit. 

Proof. First, for any w G Gg(W((5)), we have Ha = Huj(a) since the action of 
C'g(W(Q)) and the action of G on Z/ is commutative. Thus we can take Gq = 
G^^a) for any a; S GG(>V(g)). 

We now consider a;'(/(S(a))) with cj' e W(r). Let w G CciWiQ)) be 

the element corresponding to uj' under the isomorphism in Lemma 13. IT S). Then 
/? = /(w(E(a))) = has connected support since the support of a is 

connected. It is either positive or negative since S preserves the partial order >. 
Denote by Op the orbit of (3 under the action of W(r). Then 

• if all elements in Op are positive, the element in Op with minimal height 
lies in Fp] 

• if all elements in Op are negative, the element in Op with maximal height 
lies in —Fr; 

• otherwise, there exists a positive number m and i £ I such that me; G Op. 

In the last case, we have uj{a) = mei' for some oj G W((5), i' G Oi. But uj{a) G Aq, 
we must have m = 1 and so that e.; G Op. Thus /? is a root of F and tt : Ag Ar, 
a /(S(a)) is well-defined. 

Now, we prove that the map tt is surjective. Here we only need to show that Fr 
lies in the image of tt. For any f3 G Fr, 7 := /~^(/3) satisfies 

> (/3,ej)r = (7,S(ej/))Q = ^ (7, 5(£j'))q = c?»(7, £j')q 

seGe^, 

for any i £ I and i' G Oi. Thus any connected component a of 7 lies in Fq and 
I](a) = 7. By Lemma 1311 3) we get the proof. □ 
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For any g ^ G, we have an additive autoequivalence functor 
Fg : mod-kQ — mod-kQ 

M ^ n-i 

where the kQ-module is defined by taking the same underlying vector space 
as M with the action m • A = mg{X) for m G M and A £ kQ, and Fg^ip) = ip for 
any homomorphism -tp : M ^ N. Let (Mi, Ma)i£i^a£E be the Q-representation 
corresponding to M. Then the Q-representation is X^, f Xq,)^^/ asB, where 
= and = CpXp if g{a) = CpP, P & E, 

A kQ-modulc M is said to be G- invariant if Fg{M) = M for any 5 £ G, a G- 
invariant kQ-module M is said to be indecomposable G-invariant if M is non-zero 
and M cannot be written as a direct sum of two non-zero G-invariant kQ-modules. 
It is known that kQ-module M has a kQ * G-module structure if and only if M 
is G-invariant, and the full subcategory of mod-kQ generated by the G-invariant 
kQ- module is also a KruU-Schmidt category (see [TO]). 

For a given kQ-module M, we let Hm := {5 G G | Fg{M) = M} and Gm be a 
complete set of left coset representatives of Hm in G. Then for each kQ-module 
M, we define a G-invariant kQ-module 

geGu 

It is easy to see that each G-invariant kQ-module has this form. For each kQ- 
module M, we denote the dimension vector of M by the linear combination d\mX := 
"Y^^^j dm\Xi£i G Z/. It is easy to see that d\mFg{M) = g{d\mM) for any g E G 
and M G mod-kQ. 

Proposition 3.3. For any indecomposable G-invariant hQ-module M , /(dim7\jf) 
is a root o/F. Moreover, for any positive real root f3 ofT, there is a unique (up to 
isomorphism) indecomposable G-invariant hQ-module M with i(dimA/, dimA/)Q 
indecomposable summands {as hQ-module) such that /(dimM) = /3. 

Proof. Let N be an indecomposable kQ-modulc and a :— dimiV. Then J^i-^) 
is an indecomposable G-invariant kQ-modulc with dimension vector X^geCjv 
We claim that 

for some positive integer m. Indeed, since C H^, we have jiJ^j = 77i|_ffjv| and 
so that IGatI = to|Gq,| for some positive integer m. Note that 

we obtain that 

dim^(iV) = g{a) = m ^ g{a) ^ mS](a). 

geGN g€Gc 

In particular, if a is a real root of Q, then Hj'^ = Ha and so that we take Gat = Gq 
in this case. Therefore, /(dim^(A^)) G Ap. Note that for every indecomposable 
G-invariant kQ-module M, there is an indecomposable kQ- module N such that 
M = E(^): we get /(dimAf) G Ar. 
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If /? := /(dimAf) is a real root with /(dimM) = w'(ei) for some w' £ W(r) 
and i € I, then dimA/ = = Y.{uj{ei')) for any i' e Oi, where uj € 

Cg(W(Q)) corresponding to lj' , by the proof of Lemma [3.21 Denote by N the 
unique indecomposable kQ-module with dimiV = uj{ei'), then M = ^^e 
unique indecomposable G-invariant kQ-module satisfying dimA/ ~ a;(I](ei')) and 
M is independent on the taking of i' G 0,; . Finally, note that 

i(dimAl,dimA/)Q = ^(^(e,.), S(£,0)q = = \Ge,,\ = \Gn\, 
we are done. □ 
We suppose now that G is abelian and let 

e := ^ a e kQ C kQ * G, 

where is the idempotent element of kQ corresponding to vertex i G /. By the 
proof of [51 Theorem 1] , we know that kQ * G is Morita equivalent to ehQ * Ge and 
ekQ * Ge = kQ. Thus we view the functor 

E : mod-kQ * G — > mod-kQ 

A/ ^ eM 

as the equivalence functor between mod-kQ * G and mod-kQ. Denote by 

kQ * G ®kQ - : mod-kQ — > mod-kQ * G 
H := ResjkQ : mod-kQ * G — !► mod-kQ 

Following from [SJ Theorem 1.1], {H,F) and {F,H) are adjoint pairs. 

Moreover, for any kQ-module X, HE^^{X) is a G-invariant kQ-module and 
there is a kQ-module M such that HE~^{X) = ^{M), where E~^ is the quasi- 
inverse of E. Identifying X with a Q-representation [Xip, Xa)^ we have 

^ X,p^e,HE-\X)e,= (^A//),. 

pGirrGi Q^Gm 

Suppose dimX := I](jp)g7aipejp, then 

^ «.p= ^ dim(SA^), = /(dim^(A/))^. 

pSirrGi g£GM 

Therefore, the Moriat equivalence and the restriction functor induce a map 

h: ZT — >ZI 

given by h{a)i = J^peirid '^ip'^'^ ^o^' ^"^y ^ = I](ip)G7 "v^v ^ The restriction 
of h to the root system Ag is also denoted by h. Then : Ag — > Ar is well-defined 

since X is an indecomposable kQ-module if and only if M is an indecomposable 
kQ- module. By Proposition 13.31 we have 

Corollary 3.4. For any indecomposable Q -representation X, h{dim.X) is a posi- 
tive root of r. 

Up to now, we have obtained the map h : ZI — ZI and have shown the half of 
Theorem II. If l). Before completing the proof of Theorem 1 1.1) we should define an 
action of G on kQ and give the dual between (Q, G) and (Q, G). In the following 
subsection, we first describe the duality of (Q, G). 
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3.2. We write the abelian group G as the product of some finite cyclic group, i.e., 

G= (.gi) X (,92) X •■• X (.g„), 
where the order of gi is mi for 1 < i < n. Then \G\ — toiTO2 • ■ • ran- 

We now define an action of G on Q. Since G is abelian, all the characters x 
of G are linear. The set of all the characters of G is an abelian group with the 
multiplication 

XX'(.9) = X(5)x'(ff), 
for all g £ G. We denote this group by G. Setting tp : G G hj 

if g = g\ 02 ' ' ' 9^n ^^'^ 9' — 91^92^ ' ' ' 9n"^ where is a primitive m^-th root of 
unity. It is easy to see that is a group isomorphism. By [18| . we define a linear 
action of G on hQ * G by setting 

.9(^/1) = Xff(/i)A/i, 

for all 5 e G, A/i G kQ * G. Then G C Aut(kQ * G). By [H Proposition 5.1], we 
have 

Proposition 3.5. The map ip : {hQ * G) * G ^ EndkQ(k(3 * G) defined by 

^{Xgh){^h') = Xh{h')Xgtih' 
is an algebra isomorphism. It follows that (kQ * G) *G is Morita equivalent to hQ. 

Since ehQ * Ge ^ hQ and the action of G on kQ * G stabilizes e, the action 
of G on hQ * G naturally induces an action of G on hQ such that G C Aut(kQ). 

Therefore, we get a skew group algebra hQ * G under this action. Let Q be the 
generalized Mckay quiver of (Q,G). Then, there is a Morita equivalence between 

kQ * G and hQ by Theorem O 

Proposition 3.6. Let Q be the generalized McKay quiver of{Q, G) under the action 

of G defined as above. Then the generalized McKay quiver Q of {Q, G) coincides 
with Q. 

Thus we get the dual between (Q,G) and {Q,G). Now, for the relationship 
between quivers Q and Q, and the action of G on Q, we give some more description. 
Note that the stabilizer Gi of i G / has the form 

Gj = X (.92'") X •■• X {gt"^), 

where 

, , di . , , 771,; 

i^^, K5/)l = ^, l<J<n, 

and so that 

GI 

di \Ot \ = --— = di, X di^ X ■ ■ ■ X di^. 

We set 

_ 1_ ^d.iJlSii ,di2J2S>2 fdi^j^Si, d,-,ji d,^j2 di„j„ 

— 1^7 ' ' ■ ?i ?2 ■ ■ ■ ?" 9l 92 ■ - ■ 9n 
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Then one can cliGck that "[6(2,5^^ ^s^^^.-.^si^) I Si^ e Z/i^i.Z for all 1 < j < n} is a 
complete set of primitive orthogonal idempotents of ]k;[Gi]. 
It is obvious that 

for any 1 < j < n, where s'j. G Z/t'i^. Z and s'^. = Si. + 1 mod Vi.. Since for 
each idempotent e(i,Sij,Si2,- - there is a unique corresponding one dimensional 
irreducible representation p of G,; defined by the group homomorphism (j)p : Gi ^ k, 

(7j'^ i~> for 1 < J < 'T^- Thus we can index the vertices set / by some 

sequences (i, s^j , j " ' " : Si^), i.e., 

/ = { (i, , , • • • , Si„ ) I i e I, s^. e Z/ i^j^. Z for all 1 < j < 7i} . 

Then the action of G on / is clearly and so that the orbit of {i, p) £ I has the form 

{(i,Sjj,Sj2, • • • ,SiJ I Si. e Z/ui.Z for 1 < j < n} = | p e irrGi} 

for some i £ I. Furthermore, it is easy to see that if the action of G on hQ is 
admissible, then so is on kQ. 

For any i, j G /, we consider the group G^j := G^nGj = (g*^) x (g^^) x • • • x (g^"), 
where is the least common multiple of di, and dj, for 1 < ? < n. Note that 
the vector space Etj spanned by arrows a : i — >^ j in Q is a k[Gij]-bimodule, 
wc can find a basis of Eij such that the action of Gij is diagonal. That is, if 
9 = 9^1 9^2 ' ' ' 9*n G Ik[Gij], then for any basis element a' G Eij, 

9{oi)^iT^^r---iY-oi 

for some ri, r2, ■ ■ ■ , r„ G Z. Since Gij is abelian, the number of the basis elements 
of Eij is just the number of arrows from i to j in Q. Moreover, it is easy to see 
that the tit2 • • '^n elements 

a', 31 («'),■•• , 5n(a'), 5i(a'), 5i52(«'), • ■ • , ^'(a'), , g^-^ffs^-i • ■ • ^^^--iK) 

are linearly independent. That is, for any arrow a : i — > j in Q, there are t\t2 ■ ■ - tn 
arrows in its orbit. 

On the other hand, wc can calculate that 



°(j.''jl'Sj2'-- - '''Jn)'^ e(i^s.^ ,s.^_... ,s.^) 

_ djd 
-\G\ 



"'"j ^ ^ ^ _ ^^^i„p„s,^+^^J„g„SJ■ 



Pl— Pn— qi— Qn— 



9l ■ ■ ■ 9n {a JQi ■ ■ ■ 9n 



We write 



d^,Pl = m + d,^p[, where 0<P,<^, Q<p'i<^, 

= P[ti + dj^ql where < P/ < ^, < g,' < 
dijfcz = {Pi + P/)f/ + rfijpj mod TOi, where < ki < v^, 
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for all < Z < n. Then the right side of the equation becomes 



\G\ 



2 



p;=o / \ p,\=o J 

Jj 1 tn 1 

\ fei=0 fc„=0 5^=0 g;,=0 



Note that 

"i y 1 ■ ■ ■ i/n ; t/]^ ■ • • yn 

< fc; < J^,, , < g;' < for 1 < / < n| 

is a linearly independent set. We obtain that .s^^ ,sj„)a'e(i,sij .sij, -- 7^ ^ 

if and only if s^, = Sj^ + ri mod ^ for all < Z < n. It follows that there are 

*^ d*d ■^'^^ arrows in Q for each arrow a : i ^ j in Q. 

Denote by A = {'^{ip){jcr))jxT Cartan matrix of Q, by F the valued quiver 
corresponding to {Q,G) and by C = {cij)xxx = D^^B the generalized Cartan 
matrix of F, where B = {bij)xxi is symmetric, D ~ diag((ii) is diagonal. Then 

1 \ ^ didj \ ^ 

^i'"^" ti---t„|G| ^^^^^ 

It follows that % = ^b,j, D =^ \G\D-^, B = \G\D~^BD~^ and C = = 

BD^^ = C^, the transpose of G. Therefore F and F are dual valued graph in the 
sense of [T^ . 

Remark 3.7. If G C Aut(k(5) is a finite abelian group, we have given the dual of 
{Q,G) and {Q,G) (see Proposition 13. 6p . However, for a non-abelian group G C 
Aut(]k;Q), the conclusion does not hold in general. For example. Let Q be the quiver 

. 1' 



1 • • 

2 



• 1' 



It is well-known that the quiver automorphism group of Q is the group S3. Ac- 
cordingly, we obtain the generalized McKay quiver Q of (Q, 5*3) as follows 
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One can check that there does not exist a subgroup G' of Aut(k(5) such that the 
generahzed McKay quiver of (Q, G') is Q. 

But if tlie action of G is "good" , there exists the duahty still. For example, we 
consider the finite non-abelian group 

G ^ {a,h\a^ ^b^y = 1, aha = h) 

and the quiver Q: 




The action of G is given by 





ei 


62 


63 


61' 


62' 


63' 


a 


a* 


a 


62 


63 


61 


62' 


63' 


61' 


/3 


(5* 


b 


61 


63 


62 


61' 


62' 


62' 


-7* 


7 






P 


/3* 


7 


7 


Cl 


0'2 CTS 






a 


7 


7* 


a 


a* 


^2 


(T3 (71 






b 


-13* 


/? 


—a* 


a 


0-1 


fa 





where 6^ is the idempotent element of kQ corresponding to vertex i, i € {1, 2, 3, 1', 2', 
3'}. By direct calculation, one see that the generalized McKay quiver of (Q, G) is 
as follows. 




Now, wc define an action of G on hQ by setting 





61 




62 


63 


64 61' 


62' 


63' 64' 


ai 


a2 


6^3 


a4 


a 


63 




64 


61 


62 63' 


64' 


61' 64' 




^6.4 




^^6.2 


b 


62 




63 


64 


61 62' 


63' 


64' 61' 


a2 


Q!3 




ai 












at 


"2 




al 


0-1 


0'2 0-3 


0-4 








a 












r«2 




0-4 (Tl 


0-2 








b 








"3 






0-2 


(T3 0-4 


0-1 





where ^ is a primitive 6-th root of unity. Then, one can check that Q = Q. 

3.3. Consider the admissible action of finite abelian group G on hQ induced from 
the action of G on kQ as the discussion above, we set 

F' := (kQ * G) * G ^uq*g ~ ■ mod-kQ * G — > mod-(k(3 * G) * G 
H' := Res|kQ»G : mod-(kQ * G) * G — > mod-kQ * G 
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Similar to the functors F and H, one can check that {H',F') and {F',H') are 
adjoint pairs. Note that the Morita equivalence mod-kQ — > mod-(kQ * G) * G is 
given by M := (uq*g)*g^Q * G «)kQ we have 

Lemma 3.8. There are natural isomorphisms 

F ^ H'M and F' ^ MH. 

Proof. First, H'M = kQ*Gk(5 * G (g)kQ — = is clear. Next, since {H',F') is an 
adjoint pair, for any kQ-module X and kQ * G-modulc Y , we have 

Rom^Q{X,M-'F'{Y)) ^ Rom^t,Q,G)*GiM{X), F'{Y)) 

- Rom^Q,G{H'M{X),Y) = Komi,Q,GiF{X),Y). 

This implies that {F,M^^F') is an adjoint pair and so that H = M^^F', F' = 
MH. □ 

By Lemma [3.81 and \TE[ Proposition 1.8], we have the following proposition im- 
mediately. 

Proposition 3.9. Let X and Y be indecomposable kQ * G-modules. Then 

(1) FH{X) - H'F'{X) = e^^c ^X; 

(2) H{X) 5^ H{Y) if and only if F'{X) ^ F'{Y), if and only ifY'^^X for 
some g £ G; 

(3) H{X) (or F'{X)) has exactly \Hx\ indecomposable summands. 
Remark 3.10. Consider the action of G on kQ * G, we denote by 

Hx := [g £ G \ Fg{X) = X} 

and by Gx a complete set of left coset representatives of Hx in G, for any X e 
mod-kQ H<G. In [10], we have shown that the number of indecomposable summands 
of F'{X) is just \Hx\ whenever G is abelian (see [TD] Theorem 1.2]). This means 
that H(X) has \Hx\ indecomposable summands. Note that H{X) is an indecom- 
posable G-invariant kQ-module, there exists a unique indecomposable kQ-module 
M such that H{X) ^ J^i^)- Therefore, we have \Hx \ = \Gm\ and \Gx \ = \Hm\. 
Following from Proposition l3.9r 2'). for an indecomposable kQ-module M, there are 
\Gx \ = \Hm\ non- isomorphic indecomposable kQ^G-module structures on 
This coincides with the result in [TD]. 

For the generalized McKay quiver Q, we denote by (— , —)q the bilinear form on 
Z/ determined by A, by Ag the root system of Q with simple roots Sip, {i,p) G /, 
and by W(Q) the Weyl group of Q with simple reflections rip, {i,p) G /. Consider 
the map h : Z/ — > ZI defined above, we have 

Lemma 3.11. Let Si :~ YipemG i E T. Then, for each i £ I and j3 = 

(1) {h[l3),e^)T = d^Y.p&,,GSl^^^w)Q^ 

(2) h{Sm)=l^{hm; 

(3) the map 7^ 1— > Si induces an isomorphism W(r) Gg(W((5)), the set of 
elements in W(Q) commuting with the action of G. 
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Proof. (!) By the dual between (Q, G) and (Q, G), we obtain that 
and so that 

6ij = di ^ a(ip)(j<T) 

pGirrGi 

for any cr £ irrGj. Therefore, we get 

{h{(3),e^)r = Y hjh{l3)j ^ d^ ^ a(ip)(]a)Pja = d^ ^ (^,e,;p)Q. 

aeirrGj 

(2) Firstly, 5^ is well-defined since the action of G on Q is admissible. Secondly, 
it is easy to check that the bilinear form {^,^)q is G-invariant and 5^ commutes 
with the action of G. Thus, we have 

(3) By induction on the length, one can check that Gg(VV(Q)) is generated by 
Si, i £ I. Following from (2), wc get 7.; 1— > Si induces an isomorphism. □ 

We are in a position to complete the proof of Theorem 11.11 We have shown 
that for any positive root a G Ar, there exists an indecomposable Q-representation 
X such that h{dim.X) = a. Moreover, if a is real, the number of X (up to iso- 
morphism) can be determined. Applying the technique in [T21 Proposition 15], we 
have 

Proposition 3.12. The map h : Ar is a surjection. If a € Ar is a positive 

real root, then there is a unique G-orbit of roots mapping to a, and all of which are 
real. 

Proof. Firstly, by Corollary 13.41 the map h : Aq — s- Ar is well-defined. To show 
the surjectivity, we need to fine the preimages of all the fundamental roots in A^. 
We suppose that F is connected. Then, for any a £ Fr, we consider the set 

7^ ~ {/? e A^ I /3 is positive and /i(/3) < a}. 

Since TZ is finite and non-empty, we take an element /3 with maximal height. Sup- 
pose that h{P)i < ai for all i G X, then for any p G irrGj, h{/3 + eip) = h{l3)+ei < a. 
By the maximality oi (3, (3 + Sip is not a root and so that {/3,eip)Q > 0. Thus 
{h{f3),ei)T > for all i G I. We conclude that and a have the same support, 
for otherwise, we can find such a vertex (i, p) adjacent to the support of /3 such 
that (/3,ejp)(j < 0. 

We take a e i^r such that the support of a is I, and set 

$:= {iel\h{l3),=a,}. 

If $ is the empty set, then f3 + Eip is not a root for any vertex (i, p) S Q, and so 
that the connected component of Q which /3 lies in is Dynkin (see [13l Proposition 
4.9]). Therefore, Q must be a disjoint union of copies of this Dynkin quiver, all 
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in a single G-orbit. Thus Q and Q are representation finite |18j . F is a connected 
Dynkin diagram. This contradicts to that a is a imaginary root. 

It fohows that $ is non-empty. We denote by $ the fuU subgraph of F determined 
by ^. Let T be a non-empty connected component of F — and let /? be the 
restriction of h{f3) to T. If T ^ 0, then for all vertices j € T. we have {/3,ej)T > 
{h{/3),ej)r > 0, where (— , — )t is the restriction of (— , — )r on T. Moreover, note 
that there exists a vertex j € T adjacent to $, we have {/3,£j)T > 0. Therefore, T 
is a Dynkin diagram [T31 Corollary 4.9]. On the other hand, let /3' be the restriction 
of a — h(/3) to T. Then /3' has the support T . and for any vertex j G T, 

{P',£j)T = (a - /i(/3),e,)r = («,e,)r ~ (/i(/3),£,)r < 0. 

Hence T is not Dynkin. This is a contradiction. Therefore, T is empty, $ = F and 
so that h{j3) = a. Thus, wc have shown that h is surjectivc by Lemma I3.11f 3). 

In general, assume that F is non-connected. In this case, = IJ Fy' , where F' 
run over all connected components of F. By the discussion above, wc see that any 
element a G i^r, there exists an element /3 g such that h{l3) ~ a. Hence, h is 
also surjectivc. 

Finally, for any real root a G Ar, we let /3 G be the clement such that 
h{P) = a. Then, there is an element w' G W(F) and z G I such that u}'{a) ~ e^. 
Let ijj be the element in Cg(W((3)) corresponding to w'. It follows that must 
also be a simple root Sip for some p G irrG^. Therefore /? is real and uniquely 
determined up to a G-orbit. □ 

Consider the action of G on kQ, any g G G also induces an additive autoe- 
quivalence functor Fg : mod-kQ — )■ mod-kQ, X ^ ^X. Here we also denote by 
Gx a complete set of left coset representatives of Hx ■= {.g G G | Fg{X) = X} 
in G, for any X G mod-kQ. Following from Kac Theorem, for any positive real 
root (3 G A^, there exists a unique Q-representation X such that dimX ~ /3 and 

Hx = Hp. By Proposition 13. 121 there are \Gx \ indecomposable Q-representations 
(up to isomorphism) such that the image of their dimension vector under the map 
h are a, if h{d\m.X) ~ a. Thus the proof of Theorem II. II is completed. 

4. Proof of Theorem 11.21 

Assume that G C Aut(kQ) is a finite abelian group. In this section, we lift G 
to G C Aut(0) such that the Kac-Moody algebra g(F) can be embedded into the 
fixed point algebra . In this case, is integrable as a g(F)-module. 

Firstly, we recall some notations of Kac-Moody algebras. For a symmetricable 
generalized Cartan matrix G = (cy ) of size n and rank Z, there exist a diagonal 
matrix D = diag(di,-- - ,(i„) and a symmetric matrix B = {bij) such that G = 
D^^B. In fact, di{l < i < n) may be chosen to be positive integers. Let () be a 2n — l 
dimension k- vector space. Choose linearly independent sets {Hi G ()|1 < i < n} and 
{ei G f)*|l < I < n} such that £j{Hi) = Cij. Then the triple (f), {si}, {^fi})i<i<„ is 
called a (minimal) realization of G. Since any two realizations of G are isomorphic, 
there is a unique (up to isomorphism) Kac-Moody algebra fl(G) generated by f). 
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Ei, Fi, 1 < i < n, with relations 

[H, H'] = 0, [H, E,] = ej{H)Ej, (adE,)'-'-^ E, = 0, 

[E.„Fj] - 5,,R,, [H, F,] = -SjiH)Fj, (e^dFy-^-^ F, = 0. 

for any H,H' G f), where Sij is the Kronccker sign. Moreover, the center c of g(C) 
is given by 

{H et)\ ei{H) = for all 1 < z < n} C [q{C),q{C)]. 
For the details one can see jl3| . 

For the pair {Q,G), we have obtained the valued graph F with symmetricable 
generalized Cartan matrix C = {cij) of size |X| and the generalized McKay quiver 
Q with symmetric generalized Cartan matrix A = {'^(ip)(j(j)) of size |/|, sec Section 
[2l Therefore we have Kac-Moody algebras g(F) q{G) corresponding to the 
realization (f)(F), {e.;}, {i/^}) of C and q := q{Q) = 2{A) corresponding to the 
realization (f), {e^p}, {Hip}) of A. Denote by r and s the coranks of C and A, then 
dimkf)(F) = \X\ +r and dinikf) = |/| + s. 

We suppose that ^(F) generated by f)(F) and Ei, Fi, i e I. There is a symmetric 
bilinear form (— , — )r on [)(F) such that 

(H^,H)v = jHH) 

for all H G t)(r)- Then we can extend it uniquely to an invariant non-degenerate 
symmetric bilinear form on 0(F) such that 

Moreover, (— ,— )r determines a bijection v : [)(F) —5- f)*(F) sending Hi to ^Ei, 
and hence induces a bilinear form on f)*(F). Wc also denote this bilinear form 
by (— ,— )r. Note that (ei,e'i)r = hij. It recovers the bilinear form defined in 
Section [2j3 for the root lattice ZI. Similarly, there is a symmetric bilinear form on 
()* = f)*(Q) with {eip,£ja)Q = a(ip)0>)- 

We now consider the action of G on the quiver Q defined in Section [3l2. Recall 
that the derived algebra q' of g is generated by Hip, Eip, Fip, {i,p) E I and the 
action of G on Q satisfies 

= if (*'^') = dihP) and (j,cr') = g(i,cr) 

for some g G G. Then, there is a natural action of G on g' given by 

g{Hip) — H^p', g{Eip) = E^pi , g{Fip) = Fip' 

for any g e G. Denote by f)'(F) and [)' the Cartan subalgebra of fl'(F) := [g(F), g(F)] 
and g' respectively. It is easy to see that the map 

0: [)'(F) ^ (i)')^ 

given by 4){Hi) = X^peinG isomorphism and 

{H,H')y = ^^{m).m'))^ 

for H,H E f)'(r). In particular, the fixed point subalgebra c*^ of the center of q{Q) 
is isomorphic to the center c(F) of 0(F). 
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We wish to extend the action of G on g' to the whole Lie algebra g. Let Aut(A) 
denote the set of permutations g oi I satisfying 

= o,iip')ika') if {I, p') = gii, p) and (fc, a') = g{j, a). 

Let DAut(0) denote the subgroup of Aut(0) consisting of the automorphisms pre- 
serving each of the sets f), {Eip} and {Fip}. 

Proposition 4.1. (see [HI Section 4.19] j There is a short exact sequence 

Homk(f)/t)', c) — > DAut(0) — > Aut(l) ^ 0. 

Proof. It is easy to see that 'g{Hip) = Hj^, 'g{Eip) — Ej^ and 'g(Fip) = Fj„ for any 
g £ DAut(g). Thus, there exists a unique permutation g (E Aut(^) corresponding 
to g such that {j,a) ~ g{i,p). Moreover, each g G Aut(A) can be obtained in this 
way. 

Let A := kl be the subspace of f)* spanned by {sip \ {i,p) G /}. Then there is 
an natural action of Aut(^) on A: g{eip) = Sjcr, where (j, cr) = g{hp), g G G, and 
it induces an action of Aut{A) on the quotient space [}/c since f)/c is dual to A. It 
maps Hip mod c to Hj„ mod c, and so that ()'/c is Aut(^)-stable. Since Aut(A) 
is finite, there exists [}" such that f) = f)' © ()" and ([}" + c)/c is Aut(A)-stable. For 
any g G Aut(^), we can define an automorphism g G DAut(g) by 

g{Hip) = Hjcr, g{E.ip) ^ Ejcr and g{F^p) ^ Fja, 
and g\t^i' is the pull-back of g on (()" + c)/c. 

Obviously, the kernel of the map DAut(g) — > Aut(A) is the subgroup Aut(g;g') 
consisting of all automorphisms acting trivially on g'. One can check that an 
automorphism a G Aut(g;g') if and only if there exists a map ip : t)" c such 
that a{H) ^ H + f{H) for all H G f)". Thus, there are isomorphisms Aut(0;g') = 
Homk(f)",c) ^Homk(t)/[)',c). □ 

Therefore, for each a G Aut(g;g') and g G AvLt{A), we have an element Ij G 
DAut(g) by setting = g and 'g\^n = a. Moreover, for any a G Aut(g;g') 
corresponding to : fi" ^ c, it is easy to see that o*^{H) = H + tip{H) for any 
t G Z and G [}". That is to say, an automorphism a G Aut(g; g') has finite order 
if and only if the corresponding map : f)" — > c is zero. 

We now fix il = {gi,g2r'' iffn} a set of generators of G. Wc can view G 
as a finite abelian subgroup of Aut(A). By Proposition 14.11 we can lift G to an 
automorphism group G ~ {g \ g £ G} of g corresponding to a set of linear maps 
{ipi — ipg. : d" c I gi G il}. It is easy to see that for any iJ G f), we have 
^ip'iViH)) = £'Lp{H) if {i,p') = Let 

S := span{£ip - Sip' | « G I, p, p' £ irrGJ C [)* 

and 

H := {i? G f) I £ip{H) = eipi{H) for all p, G irrG^, and i G 1} = ann(,5. 
Then % contains the center c, H/c = (f)/c)'~^ and so that, for any lifting G of G, 

= tp. 

Lemma 4.2. H has h-dimension \I\ + s, H PI ()' has ^-dimension \X\-\- s — r and 
therefore Ti fl tj" has 'k.-dimension r. 
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Proof. Note that 

is a basis of S, wc obtain that dinik^ = dinikf) — dimtiS = |I| + ,s. Since {Hr\i)')/c = 
{t)'/c)^ is isomorphic to {\)')^/c^, dimk(f)')'^ = \X\ and dimtc'^ = dinikc(r) = r, 
Hoi)' has k-dimcnsion \I\ + s ~ r and so that H n f)" has k-dimcnsion □ 

Proposition 4.3. Let G be a lifting of G to g corresponding to {(pi : f)" — > c | 1 < 
i < n}. Then 

^ ^ ' ' pGirrGi ^ pGirrGi ^ ^ 

is a realization of C if and only if Pi{'H H f)") = for all 1 < i < n. 
Proof. We denote by 

^ H^p and — XI '^^p 

pSirrGi ' ' pSirrGi 

for all i E I. Since {iJ^ | i e 1} is a basis of {'H n i}')'^ , T-C^ has dimension \I\ + r 
if and only if there are h[,h2, ■ ■ ■ ,h'^ G spanning the complementary space of 
{n n f)')^ in H^. 

Since (f)" + c)/c is G-stable, ((f)" + c)/c)'^ has k-dimension r by Lemma We 
can find linearly independent elements ft,", ■ ■ ■ ,hj.E HDi)" such that h" mod c 
are fixed by G. Since n f)") = for all i, ft", ftji ' • ' jf^r ^^'S G-stablc and form 
a basis of H n f)". Therefore, we take h'^ = ft" for all 1 < i < r. On the other hand, 
if we can find such elements h'i,h'2, ■ ■ ■ , ftj,, then each ft" has the form 

s 

for some Pij,qi{jcr) £ k, and 

where (j, o"^) = giiji'^)- It follows that 

for any t G Z, where {j,a-'^) = gl{j,a). Note that / is a finite set, there exist 
some t G Z such that gf{j,a-) = (j, c) for all (j, cr) G /, and so that tLpi{h'l) = 0, 
pi{h'^) = for all i and L Thus (p^{n D f)") = for any 1 < i < n. 
Since 
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and Hi (i € T) are linearly independent, it remains to show a, i € I are linearly 
independent modulo anni,. ('H'"^). Let 

e := ^A^jCj G ann^,. (7^'-^), fj,j e k. 

Then 

for all i gI, and so that 

for all {i,p) G /. Therefore, 

e G ami,,- (H^ + [)') = ann,,. (7{ + \)') C ann,,. (?^) = 5, 

and 



for any g G G. It concludes that e = "^j^x l^i^j = by the construction of 5. 
Therefore, /Xj = for all j G X, and so that £j are linearly independent in f)*. 
The proof is completed. □ 

Remark 4.4. Since 

Homk(f)",c) ^Homk(f)/f)',c), 

for any lifting G of G, there exist a family of maps {ipi — ipg^ : \)/\)' — !> c | gi G fi} 
corresponding to it. Moreover, it is easy to see that the condition (fi{T-L fl f)") = 
is equivalent to + = 0. 

Now we can prove the main results of this section. 

Proposition 4.5. There is a monomorphism q' (T) {q')'~^ ? and for the lifting G 
of G corresponding to {ipi : f)" — c | 1 < z < n} with (piiT-LCil)") = 0, we can extend 
this monomorphism to the whole Lie algebra such that 

0(r) ^ 0^ 

is also a monomorphism. 
Proof. We set 

Hi := E '■— E ^^P' E 

PeirrGi p^hrGi pGhrGi 

for aU i G I. Then H,,E,,F, G (g')*^ and 
[H,,H,]={), 

[Ei,Fj]~ E [Eip,Fja]~ 5i-j E Htp — SijHi, 

peirrGi peirrGi 

creirrGj 

[Hi,Ej]^ E [Hip,Ej^]^ E "■{ip)U<T)Eja = Ci-i E = c.,.jE.j. 
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Similarly, we have [Hi,Fj] ~ CijFj for any i,j G X. Note that a.dEip and adEipr 
commute for any p, p' G irrGi, we have 

A pSirrGi 

for any positive integer n, where A takes thought all the sequence A = {Xp)pi£m-Gi 
satisfying 

peiriGi 

and 

^ C n \ f n- pi \ f n- pi /3|irrG,|-l \ 

^ \ Pi J \ P2 J V ^|i"G,| / 

for any A = (pi , • ■ • , P\mGi\)- In particular, if n = 1 — Cy , then Ap > 1 — a(ip)(ja) 
for some p G irrG^ and so that 

{&AE,p)^>'Ej„ = 0, {a.dE.f-'''^ Ej = 0. 

Similarly, {a.dFiY~^^^ Fj ~ for any i,j G X. Therefore, there exists a non-zero 
homomorphism 0'(r) — )■ (g')'^- 

Since (H*^, { |^0(£,;)}, is a realization of C by Proposition 14.31 there 

is an isomorphism — > H*^, Hi Hi. Therefore we can get a homomorphism 
g(r) by compositing the homomorphisms 0'(r) — > {q')^ and [)(r) — >■ 'H^ . By 

[131 Proposition 1.7(b)], g(r) — g*^ and 0'(r) {q')^ ^rc monomorphisms. □ 

Now, we can identify 0(r) with a subalgebra of g*^. Following from Sectional, 
the map 

peirrGi 

satisfies 

^ peirrGi ^ Q 

for all /3 = p)izil^ip^ip £ ^-nd ^(^g) = by Proposition 13. 121 

Proposition 4.6. The monomorphism q(T) — >■ q'^ endows q'^ with an integrahle 
g{T)-module structure under the adjoint action of g(T). 

Proof. Firstly, we identity the realization ([)(r), {e^}, {Hi}) with {'H'^, {ci}, {Hi}). 
For any non-zero /? — J2(i p)(zjPip£ip G a-^d H G 'H'^ , we have 

' ' pSirrGi 

and 

P{H)^ Y f3.peUH)=Y{ Y Ap)j.W=E'^(/5>'^'(^) = M/5)W. 

{i,p)GT '^-^ pGirrGi iGl 
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Denote by H/j ^ {g E G \ g{(3) = /3} and Gp a complete set of left coset repre- 
sentatives of Hp in G. Then Hp acts on the root space Qp. Suppose that x & Qp 
satisfies g{x) = x for any g £ Hp. Let 

^(^) '■= XI 
It is easy to see that S(a;) £ and 

[HM^.)] = [^'3(^)1 = E 9m{H)g{x) = h{l3)iH) ^ g{x) = /i(/3)(i/)S(x) 

for aU i7 G H'-^, since h{g{(3)) — h{(3) for any 5 G G. It follows that lies in 

the weight space {Q^)h{p)- Note that each element in can be written as a sum 
of some with x £ gp, (3 £ Aq, we obtain that g^ is f)(r)-diagonalisable. 

Secondly, it is easy to see that the non-zero weights of g*^ must be roots of T 
since h{A^) = Ap- On the other hand, every root of T is also a weight of g^ under 

the adjoint action by the monomorphism g(r) — > g'~^. 

Finally, for any /3 E At, the set {/3-f ksi | fc G Z} n Ar is finite. Thus the action 
of Ei and Fi are local nilpotent on g*^. The proof is completed. □ 

Following from the proof of Proposition 14.61 (0*^)0 is spanned by the elements 
^(2;) = 12geGf} di^)^ where x € gp satisfies g{x) = x for any g G Hp, and /3 G Ag 
satisfies /i(/3) = a. Thus, by the action of G on {Eip} and {Fip}, a.dHp acts on gp 
is identity and so that 

dimu{g^)h{p) = 1 

for any simple root /?. That is, dimk(0'^)Q = 1 for all simple root a G Ap. Moreover, 
we have the following claim. 

Claim 4.7. dimk(g'-^)Q — 1 for any real root a G Ap. 

Proof. We consider the automorphism 

Tip := exp(adi^ip)cxp(-adi?ip)exp(adi^ip) 

of 0. Then rip{gp) = 0r.p(/3) and np{H) = H - eip{H)Hip for any H e\) (see [13l 
Lemma 3.8]). Note that Tip and Tipi commute for any p,p' G irrC^, we let 

Si '.^ rip. 

pGirrGi 

Then, for any H G H'^ , we have 

S,{H) = H- J2 £rpiH)H,p = H - e,{H) ^ H,p = H - edH)H,, 

and Si{H) G 'H'~^. Note that S"; and G commute on g', it deduces that Si can define 
an automorphism of such that 

Therefore, Si is an extension of the automorphism cxp(adFi)exp(— adi?i)exp(adi^i) 

of0(r). 
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Let a G Ar be a real root. By Lemma [3.111 and Proposition 13. 121 there exist a 
real root (3 £ Ag and oj e Cg(W(Q)) such that = a, U!{(3) is a simple root 

and i?tj(;3) = Hi3. Let uj = Sji^t^ • • ■ 5,^ and uj = Si^Si^ ■■■ St^, then u}{gp) = 0c^(/3) 
and hence is fixed by Hp. Finally, note that all these (3 are in the same G-orbit, 
we have dim^ (0*^)0 = 1. □ 

In particular, if Q is a finite union of Dynkin quivers, then g is a direct sum of 
simple Lie algebras and all roots of F are real. By the claim, we have 

Corollary 4.8. IfQ is a finite union of Dynkin quivers and G C Aut(k(5) is finite 
abelian, then there is a Lie algebra isomorphism g(F) q'^ . 

5. Examples 

In this section, we give two examples to elucidate our results. 
Example 5.1. Let Q = {I,E) be the quiver 

2 • <^ • 



•4 



The action of G = (g) ^ Ij/QIj on kQ given by 





ei 


62 


63 


64 a /3 7 


9 


ei 


63 


64 


62 -P -7 -a 




where is the idempotent element of kQ corresponding to vertex i, i G {1, 2, 3, 4}. 
Then the Cartan matrix of Q is 



A=[a,j) 



Let El, £2, £3, £4 be all the simple roots of the symmetric Kac-Moody algebra 
We endow the root lattice Z/ with a symmetric bilinear form (— , —)q via (e^, £j)Q = 
and define reflection r^ : a ^ a ~ {a,£i)Q£i for each vertex i G /. Then, it 
is well-knowen that Weyl group W(Q) = (Z/2Z)'^ xi S'4, and one can check that 
Aq = ±{ei,e2j£3;£4,£i + £27^1 + esi^i + £4,ei + £2 + £37^1 + £2 + £4,£i + £3 + 
£4, £1 + £2 + £3 + £4, 2ei + £2 + £3 + £4} is the root system of q{Q). 

We get the generahzed McKay quiver Q = (/, E) of {Q, G) as follows. 

•(1,P3) _ /•(1,P2 

Ql >^ , , QO 



(l,Pi)» 




(l,Po)» 




(2,cror\ (2,cri 

"•(l-Ps) '(1,P4) 

where is the irreducible representation of G = {g) = Z/6Z defined by 

a ■ g — ^*a, a G Pi, 
aj is the irreducible representation of (g'^) ^ Z/2Z defined by 
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and ^ is a primitive 6-th root of unity. As we have discussed in Section |3l2, by the 
group isomorphism 

^:G^G, v{9')=Xg^, xA9')=e\ 
we define the action of G on kQ * G by setting 



for any G G, Xg^ £ kQ * G. This induces an action of G = {g) = Z/6Z on kQ 
given by 





eo ei 62 63 64 65 60 e'l ao 


OLl 


0-2 


as 


a4 


as 


9 


ei 62 63 64 65 60 e'l 60 ^oai 


£.1^2 


6 "3 


6 "4 


'?4a5 





where idempotent elements e^, e\ are corresponding to the vertex (2,CTi) re- 

spectively, and G k satisfying ^oCi ■ • • '?5 = 1- One can check that the generalized 
McKay quiver of (Q, G) is just the quiver Q. 



By the definition given in Section [513, we obtain the symmetrisable generalized 
Cartan matrix G corresponding to ((5,G), i.e., 

Then the valued graph F corresponding to G is 

r: 1. (3.1) 

Let e'l, £2 be all the simple roots of F. Then the Weyl group 

W(r) = Do = (a, & I = 1, = 1, a6 = fe^^a) 

and root system Ar — {ei, £2, £1 + ^2, 2£i -f £2, 3£i -|-£2, 3£i + 2£2}. See Section [2j3 
for detail. 

We consider the map 

h : "LI — > ZI, h{a)i = a^p 

peiriGi 

for any a = p)^Y'^ip^(ip)<zj S Z/. The restriction of h : Aq — > Ar is a surjective, 

this means that for any positive root /3 of F, there exists an indecomposable Q- 
representation X such that h{dim.X) ~ /3. For example, we consider the positive 
root £1 + £2 G Ar. Then, we have the following indecomposable Q- representation 








and obviously, h{dimX (^p^^.^-^) = £1 -I- £2- Furthermore, for any 0<l<5,0<j<l 
and I ^ J mod 2, we define the Q-representation X(^p^a-.-^ = {Xip,Xa) by 

^ ^ f k, if = or (2, cTj); x ^ I ^' ifa = a/; 

1^ 0, otherwise. " |_ 0, otherwise. 
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Then, it is easy to see that the set of all indecomposable Q-representations with 
h{dimX) = El + £2 is the set 

{X(p,a,) I < / < 5, < j < 1 and / ^ J mod 2} , 

and which is just the orbit of X(pjg.g') under that action of G. Similarly, for any pos- 
itive real root /? = h(a) S Ap, there are \Ha\ (up to isomorphism) indecomposable 
Q-representations X such that h{dimX) = (3. 

Example 5.2. Let Q = (/, E) be the quiver 



1» 



5» 



a4 



{ 

4 ^3 



• 3 



5'. 



a. 



2' 



4'> 



• 3' 



and G = (a) X (6) = Z/2Z X Z/2Z. The action of G on kQ is given as follows 





ei 


62 


63 


64 


65 


61' 


62' 


63' 


64' 


65' 


a 


65 


64 


63 


62 


61 


65' 


64' 


63' 


62' 


61' 


b 


ei' 


62' 


63' 


64' 


65' 


61 


62 


63 


64 


65 








ai 




as 


a4 


«i 


«'2 


c^'3 


a4 






a 






as 


a2 


ai 


a4 




«'2 


«i 






b 






«^ 




a4 


ai 


a2 


as 


a4 





where 6^ is the idempotent element of kQ corresponding to the vertex i. Taken 
I = {1, 2, 3}, then the generalized McKay quiver of (Q, G) is 



Q: 



1 • 




•(3,Po) 



•(3,pi) 



where po, Pi are the non-isomorphism irreducible representations of G3 = 



Z/2Z. Reindexing the vertex set / = 
matrix of Q is 

A = {aij) = 



{1,2, (3, po), (3, pi)} by {1, 2, 3, 4}, the Cartan 




The Lie algebra g 
relations 



q{Q) is generated by {xi,yi,hi | 1 < i < 4} satisfying the 



0, 



[hi.V]] = -aijVj-, 
(ada;.)^""-- [x,) = 0, (ady,)'"°*^ (y^) = 

In this case, the valued graph F of (Q, G) is 

is^L. 



0, 



with the Cartan Matrix 



C 
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The Lie algebra g{T) is generated by {Xi, Yi,Hi \ 1 < i < 3} satisfying the relations 

[H,,Hj]=0, [X,,Y,]^6,jH,; 
(5.1) [Hi, Xj] = c,jXj, [H„ Yj] = -c^jYj- 

(adX,)i-=- {X,) = 0, (adl^;)i— - {Yj) =0, j. 

As discussed in Scction|3l2, we see that the vertices {i,po) and (3, pi) of Q are in 
the same G-orbit. Therefore, the Lie algebra g*^ is generated by 

{xi^ViJii I 1 < i < 3}, 

where Xi = Xi, = yi, hi = hi for i = 1,2, and x-^ = x^ + X4, ^3 = 2/3 + 2/4, 
^3 = ^3 + ^4 J satisfying the relations (|5.ip . Then, it is easy to see that the map 

$ : 0(r) ^ 0^ 

given by 

^{Xi) = X,, $(y,) = y^, = h, 

is an Lie algebra isomorphism. 

At last, we consider quivers of A-type and il'-typc, 
A2n+i{n > 1) : D^{n>3): 

1—^2— ~^"\ ^n-V 

+ 1 1—^2— -^n-2(f 

They have the same quiver isomorphism group G = Z/2Z. In these cases, we have 



Q 


G 


F 


Q 


f 


Conclusion 




1/21 


Cn+l 


Dn+2 


Bn+1 




Dn 


1/21 


Bn-1 




Cn~l 


0(B„_i) = 0(A2„-i)^/2^ 



where C„ and i?„ is the C-type and i?-type Dynkin diagram, respectively. 
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